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Abstract
Social media platforms moderate content using a process known as algorithmic
filtering (AF). While AF has the potential to greatly improve the user experience, it
has also drawn scrutiny for its roles in spreading fake news, amplifying hate speech,
facilitating digital redlining, and more. Although these externalities have sparked
calls for regulations, some worry that regulations will interfere with personalization,
lower profits, or restrict free speech. In this work, we are interested in whether it is
possible to regulate without hurting performance or removing content. We build on
the notion of regulating with respect to an implicit (social) contract that we term
the consumer-provider agreement. We show that this contract-based regulation
can be formalized as a hypothesis test and prove that this framework has desirable
statistical guarantees on the platform’s behavior and user’s decision-making. We
then show that there are conditions under which the regulation imposes little to
no long-term cost on the platform. This surprising result is due to the fact that, in
the presence of uncertainty, the objectives of the regulator and the platform can be
partially aligned. Although not explicit objectives of the regulation, two additional
benefits are that it encourages content diversity and does not remove content.
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Introduction

Social media platforms moderate the content that users see on their feeds using a process known as
algorithmic filtering (AF). While AF is a powerful tool with the potential to greatly improve the user
experience, it has also begun to draw intense scrutiny. In particular, due to the growing popularity
of social media and the ability of algorithms to moderate content on large scales, AF has played an
active role in contemporary sociopolitical issues. Recently, it has been linked to the spread of fake
news via algorithmic favoritism [17, 19], the amplification of hate speech via content ranking [49],
and the facilitation of digital redlining via discriminatory targeted advertising [12]. These unintended
side effects—or externalities—have sparked calls for social media regulations [29].
However, many fear that regulations may be harmful to the social media ecosystem. For example,
some believe that the only remedy to misinformation or hate speech is content removal but that such
measures restrict free speech [15]. Others believe that regulations hinder system performance [24],
thereby leading to worse personalization for the user and lower revenue for the platform.
In turn, we ask: (a) Is it possible to filter content in a way that balances these concerns? (b) If so,
what is the appropriate regulatory framework? (c) How does it affect the user’s content and platform’s
revenue? To answer these questions, we build on the notion of an implicit (social) contract, as follows.
Consumer-provider agreement. In contrast to approaches in which the regulation reflects a notion
of right versus wrong, we consider the relationship between the user and platform as one between a
consumer and service provider. Drawing from a field of economics known as implicit contract theory
[4, 46], two parties that voluntarily exchange goods and services are governed by an implicit contract.
This contract is used to explain behaviors that cannot be predicted by competitive market theory and
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typically reflect unspoken social norms. For example, it has been used to explain why a firm wishing
to lower costs would layoff workers instead of lowering the wages of all workers.
When one party fails to uphold its end of the contract—which we call the consumer-provider
agreement—the other is, in theory, free to terminate the relationship. However, this freedom does not
exist when the cost of terminating is much higher for one party due to a power imbalance. In this
work, the role of a regulation is to correct this power imbalance by enforcing the consumer-provider
agreement. In law, implied contracts often hold the same legal force as express ones [48, 26].
Implicit contract theory can be applied to social media by observing that the platform provides the
user with access to goods (e.g., social connections, news, recommendations) in exchange for the
user’s membership and data. While the user upholds her end of the contract simply by using the
platform, there is no appraisal for whether the platform upholds its end (especially when there is a
lack of competition). Therefore, the objective of a regulation would be to determine whether the
platform honors the consumer-provider agreement. When the platform upholds the agreement, we
call the platform’s behaviors responsible.
Contributions. In this work, we use the consumer-provider agreement to address the three questions
above. Our main contributions are theoretical: to establish that AF can be both responsible and
high-reward without removing content, as follows:
1. We propose a statistical framework for enforcing the consumer -provider agreement. We
call this framework a regulation, and we call feeds that satisfy regulation feasible.
2. We prove that the regulatory procedure is equivalent to hypothesis testing and that it has
desirable properties, including holding the platform accountable to users and moderating the
impact of filtering on user decision-making.
3. We show that, surprisingly, the regulation can impose little to no long-term cost on the
platform and does so without removing content. One of the main mechanisms that the
platform can use to lower cost is increasing content diversity. In other words, under
regulation, the platform is incentivized to filter feeds with sufficiently high content diversity.
This work is relevant to the Machine Learning for Economic Policy NeurIPS 2020 workshop, as it
uses tools from machine learning and statistical inference to study socio-economic issues stemming
from AF on social media. We propose a regulatory framework that draws inspiration from concepts
in economics (e.g., implicit contracts, the use of regulatory measures to address market failures,
incentive alignment). A discussion of the related work and all proofs can be found in the Appendix.
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Problem statement

Consider a specific user and platform (this statement holds for the remainder of the work). At each
time step t, the platform shows the user a collection of content known as the filtered feed, which we
denote by ZF(t) ∈ F. The platform chooses the filtered feed based on the platform’s objective function
Rew : F × X → R, such that ZF(t) = arg maxZ∈F Rew(Z, X (t) ), where X (t) ∈ X contains all
other information that affects the platform’s decision at time t. The reward function Rew reflects the
platform’s objective. For example, it may balance factors like personalization, user engagement (e.g.,
clicks), advertising revenue, and cost of operations.
Regulator’s objective. The regulator’s goal is to determine whether the platform upholds the
consumer-provider agreement by observing the filtered feeds ZF(t) over some period t = 1, . . . , T .
To do so, the consumer-provider agreement must be translated into a usable form. In this work, this
translational step takes the form of the natural feed, which we denote by ZN(t) . The natural feed is an
alternative feed that the platform could have filtered if it adhered strictly to the consumer-provider
agreement. Consider an example.
Example. In this simplified example, suppose that the platform’s reward function has three terms:
Rew(·) = Rewper (·) + Rewad (·) + Rewexp (·), where Rewper (Z, X (t) ) predicts how well Z is
personalized to the user, Rewad (Z, X (t) ) predicts the advertising revenue Z would accrue, and
Rewexp (·) predicts the reward associated with the information the platform would gain from running a social experiment on the user [30]. Suppose, solely for this example, that personalization and advertising revenue are consistent with the consumer-provider agreement but the so2

cial experiment is not. Then, one way of constructing the natural feed is by solving: ZN(t) =
arg maxZ∈F Rewper (Z, X (t) ) + Rewad (Z, X (t) ). The pair (ZF(t) , ZN(t) ) is then given to the regulator.
Example 2 gives one of many possibles method for constructing ZN(t) . Scholars in law and philosophy,
among other fields, have begun to specify the terms of the implicit social contracts between users and
platforms [47, 43, 37]. Such a task is nuanced because the contract is context-specific (e.g., depends
on jurisprudence and social norms of the society under consideration). In this work, we leave the task
of devising the terms of the contract to these scholars and instead demonstrate how, given such terms,
a regulation that balances several concerns of the user, platform, and public could be carried out.
The regulator does not require the platform to filter only natural feeds, as such a regulation would be
too restrictive. Rather, the role of the regulator can be summarized as follows.
Definition 1 (Regulator’s objective). The regulator seeks to determine if the platform honors the
consumer-provider agreement by testing whether the filtered feeds ZF(t) are indistinguishable from a
set of natural feeds ZN(t) over period t ∈ [T ] with high certainty.
Meeting regulation. Suppose that the regulator’s rule in Definition 1 confines the platform’s choice
of feeds at time t to some feasible set F̄ (t) ⊂ F. Then, the platform’s revised objective from above is
to maximize reward subject to regulation: ZF(t) ∈ arg maxZ∈F̄ (t) Rew(Z, X (t) ).
The two overarching questions of this work are: (1) How does regulation affect the platform’s reward
(i.e., what is the cost of regulation)? (2) How does regulation affect the user’s filtered feed?
Our approach. We approach these questions by establishing the existence of a statistical test that
enforces the consumer-provider agreement and can be low-cost. We study the regulation’s effect
on the user’s content by analyzing how it influences the platform’s filtering. Although proposing a
regulation is part of our work, our main contributions are theoretical.
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Regulatory framework

In this section, we present a statistical procedure for testing whether the platform’s AF upholds the
consumer-provider agreement, then prove that the regulation has two statistical guarantees. These
properties imply that the regulation can be interpreted in two ways: as enforcing the consumerprovider agreement and as moderating the effect of AF on user decision-making.
3.1

Regulatory procedure

(t)
m
`
Let Z (t) = {z(t)
denote a feed at time t, where z(t)
1 , . . . , zm } ∈ Z
i ∈ Z ⊂ R is a feature vector
(t) i.i.d.
describing the i-th piece of content. We assume that zi ∼ qz(t) (·). Let P = {pz (·; θ) : θ ∈ Θ} for
Θ ∈ Rn be the model family containing possible feeds. In other words, qz(t) (·) = pz (·; θ (t) ) ∈ P for
some θ (t) ∈ Θ. Note that θ (t) can change with time (in fact, the more quickly it changes, the easier
it is to meet some of the conditions in our results). We assume that P satisfies common regularity
conditions, as specified in Appendix D.1.

Let ZF(t) and ZN(t) denote the filtered and natural feeds at time t, as described in Section 2. Let
(t)
m
θ (t)
→Θ
F , θ N ∈ Θ denote the latent (unknown) parameters of the respective feeds. Let θ̃ : Z
denote the maximum likelihood estimator (MLE).
Let  ∈ [0, 1] be the regulation parameter. This parameter governs the regulation strictness, where
higher values indicate greater strictness. Let T be the time horizon, which determines how far into
the past the regulator scrutinizes the platform’s behavior. Then, based on the content over period T ,
the regulator (or self-regulator) decides H̃ = H1 if the platform should be investigated and H̃ = H0 ,
otherwise. The corresponding (, T )-regulatory procedure is given in Algorithm 1.
This algorithm can be summarized by the decision rule:
H̃ = H1 ⇐⇒ g(M̃N , M̃F ) > δ(, n, T ),
>

+

(1)

where M̃ := {θ̃ τ (Z )} , g(M̃N , M̃F ) := m̃ W m̃ captures lines 2-6 in Algorithm 1,
δ(, n, T ) := n/(T −n)·F (n, T −n), and F (n, T −n) is defined such that P(w ≤ F (n, T −n)) =
1 − , where w is a random variable distributed according to the F -distribution with parameters n
and T − n. Note that δ(, n, T ) is decreasing in .
(t)

T
t=1

3

Algorithm 1: (, T )-regulatory procedure
Input: Regulation parameter  ∈ [0, 1]; time horizon T < ∞; model family Θ ⊂ Rn ; filtered
and natural feeds {ZF(t) }Tt=1 and {ZN(t) }Tt=1 , where |ZF(t) | = |ZN(t) | = m∀t and m, T > n.
Result: Decision H̃ ∈ {H1 , H0 } corresponding to the decisions to and not to investigate the
platform for a possible AF regulation violation, respectively.
1
2
3
4
5
6
7
8
9
10
11

Determine the MLE θ̃(·);
for t = 1, . . . , T do
s̃(t) = θ̃(ZN(t) ) − θ̃(ZF(t) );
end
PT
Compute mean: m̃ = T1 t=1 s̃(t) ;
PT
Compute covariance: W = T1 t=1 (s̃(t) − m̃)(s̃(t) − m̃)> ;
if m̃> W + m̃ ≤ n/(T − n) · F (n, T − n) then
H̃ = H0 ;
else
H̃ = H1 ;
end

3.2

Statistical guarantees of regulation

In this section, we prove that the when the (, T )-regulation returns H̃ = H0 , then over the last
T time steps, the results can be interpreted in two ways: (a) The regulator cannot determine with
(1 − )-confidence that the platform has broken the consumer-provider agreement; or (b) The user’s
decision-making under the filtered feed is -close to her decision-making under the natural feed.
Interpretation (a): Enforcing the consumer-provider agreement. This interpretation takes the
perspective of the regulator (or self-regulator). Let the regulator decide between two hypotheses:
)
)
H0 : θ (1:T
= θ (1:T
F
N

)
)
H1 : θ (1:T
6= θ (1:T
F
N

(2)

where H0 is the null hypothesis, H1 is the alternate hypothesis, and the regulator assumes that
(t)
(θ (t)
N − θ F ) are i.i.d. in time t. Let Ĥ ∈ {H0 , H1 } denote a decision rule for (2). In practice, the
regulator first observes the filtered and natural feeds, then makes a decision Ĥ. The regulator only
rejects the null hypothesis (i.e., Ĥ = H1 ) with high confidence when there is enough evidence that
the filtered content comes from a different generative model than the natural content. This outcome
indicates that the platform has deviated significantly from the consumer-provider agreement.
Note that (2) is invariant to one-to-one transformations g : Θ → Θ. An invariant hypothesis test for
(2) is a test that is indifferent to (achieves the same performance under) such transformations. Under
(2), we have the following result.
Proposition 1. Consider the decision H̃ returned by Algorithm 1. Among all invariant level- tests
for (2), H̃ is the uniformly most powerful as m, T → ∞. Formally, for any invariant test Ĥ of (2)
for which the false positive rate (FPR) is P(Ĥ = H1 |H = H0 ) ≤ ,
P(Ĥ = H1 |H = H1 ) ≤ P(H̃ = H1 |H = H1 ) as m, T → ∞.

(3)

This result says that, if Algorithm 1 returns H̃ = H0 , then the regulator can be (1 − )-confident the
platform’s filtering is responsible (i.e., upholds the consumer-provider agreement). In other words,
the filtered feed is -indistinguishable from a natural feed. Specifically, (3) says that Algorithm 1
is the asymptotically most powerful among all invariant tests with a FPR of at most . The most
powerful test is the one that is mostly likely to detect a filtering violation if there is one. Restricting
tests to have a FPR no greater than  mirrors the idea of having enough evidence before prosecuting.
Interpretation (b): Moderating the influence of filtering on user decision-making. Let Â(t) ∈
{A0 , A1 } denote an individual’s decision between two possible actions at time t. Consider the
general form of an individual’s (i.e., user’s) decision-making process:
If v0 (M̂ ) ≥ v1 (M̂ ), Â(t) = A0 . Else, Â(t) = A1 .
4

(4)

where M̂ = {θ̂ τ (Z (τ ) )}tτ =1 . Intuitively, the individual forms a belief θ̂ τ (Z (τ ) ) after observing
information Z (τ ) , where θ̂ τ : Z m → Θ captures the user’s learning behavior at time τ . If, according
to her cumulative beliefs at time t, the value (or utility) v0 of taking action A0 is greater the value v1
of A1 , then Â(t) = A0 , and vice versa.
This decision-making model is very general for the following reasons: (1) the decisions are not
limited to the social media context; (2) the individual’s belief could depend on other factors, which
are suppressed into θ̂ τ (·); (3) v0 , v1 : Θ → R are arbitrary and could represent any value assignment
function; and (4) all decisions between a finite number of choices can be written as a sequence of
binary decisions. It is important to note that our result do not assume that we observe the user’s
decision-making process, simply that it exists in the form (4).
Example. Let v1 = r1 and v0 = r0 + a, where ri is the individual’s estimate of the reward associated
with action i and a >> 0. Here, the individual is strongly predisposed to action A0 , taking action A1
only if its proves to be much more rewarding.
Example. Suppose an individual is deciding what to order at a restaurant. Her current favorite dish
is entree E, which she has ordered many times, but there are other dishes on the menu that she has
not yet tried. Since she is unsure whether E is better than all other dishes, she occasionally orders
something new. This strategy captures the explore-exploit trade-off of reinforcement learning. In (4),
it can be modeled by letting vi be the upper confidence bound (UCB) [38] associated with action i.
We are interested in whether a user’s decisions under her filtered feeds are consistently different from
her decisions under the natural feeds. In other words, the regulation does not penalize the platform for
shaping a user’s behaviors as such an influence is inevitable. Rather, the regulation requires that the
platform does not use its role as an information gatekeeper to significantly change the user’s behavior
in a way that breaks the consumer-provider agreement. Let Â(t)
F denote the action that the individual
chooses after observing the filtered feeds ZF(1:t) . Let Â(t)
be
defined
analogously. Then, the filtered
N
feeds induce a different decision from that induced by the natural feeds if ÂF(t) 6= Â(t)
N .
Proposition 2. Consider any decision of the form (4) at time T . Define f (·) = v0 (·) − v1 (·). Under
the assumption that ∃L ∈ R≥0 such that |f (M1 ) − f (M2 )| ≤ Lg(M1 , M2 ) for all M1 , M2 ∈ ΘT ,
then for any estimator θ̂ : Z m → Θ and as m, T → ∞, the regulation’s decision H̃ = H0 implies

F )−f (M̂N )
that: P − 1 ≤ f (M̂Lδ(,n,T
≤ 1 → 1.
)
This result states that, if the platform passes regulation (H̃ = H0 ), then the user’s decisions under the
filtered feeds are asymptotically -similar to the decisions the user would have made if the platform
upheld the consumer-provider agreement (i.e., had she observed the natural feeds instead). Notably,
this guarantee holds irrespective of the user’s learning behaviors θ̂ τ .
Corollary 3. Consider the same setup as Proposition 2. If |f (M̂N )| > Lδ(, n, T ), then the regula)
)
T
tion’s decision H̃ = H0 implies that P(Â(T
= Â(T
N
F ) → 1 as m, T → ∞ for all {θ̂ t }t=1 .
This results says that, if the user strongly favors action Ai under the natural feed, then the regulation
ensures that the user takes action Ai under the filtered feed as m, T → ∞.

4

Effect of regulation of the feed

In this section, we study how the regulation affects the user’s feed. We show that:
• The regulation requires that the filtered feed is close in distribution to the natural feed, where
it is possible to interpret closeness in terms of the information (Kullback-Leibler) divergence
between the feeds. Since the natural feed is derived from the consumer-provider agreement,
this implies that the platform is held more accountable to the user.
• The platform is more likely to pass regulation when it is difficult to distinguish the natural
and filtered feeds with high certainty. One way the platform can induce this outcome is by
increasing content diversity, meaning the regulation (inadvertently) incentivizes diversity.
We express the remaining results in terms of the generative parameters θ N and θ F . As discussed in
Section 3.1, θ N and θ F need not exist in practice because the platform can directly tune the feed ZF .
However, in our analysis, θ N and θ F are helpful analytical tools that illustrate how filtering schemes
fare under regulation. For more intuition on the parameters θ ∈ Θ, see Appendix D.1.
5

4.1

Feasible feed

A feasible feed at time step t is a filtered feed ZF(t) that passes regulation. Note that setting ZF(t) = ZN(t)
for all time steps t always passes regulation. We call this choice of feeds the trivial solution. However,
the platform usually prefers to have the flexibility of constructing ZF(t) to be different from ZN(t) . In
this section, we examine how the regulation limits the platform’s choices of non-trivial feeds. As
discussed at the start of Section 4, we turn our attention to θ N and θ F . The corresponding notion of
feasibility is captured in the following definition.
)
−1)
Definition 2. Given natural feeds θ (1:T
and past filtered feeds θ (1:T
, the α-feasible set at time T
N
F
(T )
(T )
is: Ωα = {θ F ∈ Θ : P(g(M̃N , M̃F ) ≤ δ(, n, T )) ≥ 1 − α}.
)
)
If the platform chooses the filtered feed parameters θ (T
from the feasible set Ω(T
F
α , then the probability
of passing regulation is high. The platform should choose α ≤  in order to be confident in passing
regulation. We drop the subscript and superscript when the meaning of Ω is clear.
PT
The next results study the random quantity g(M̃N , M̃F ). First, we define: θ̄ D = t=1 θ (t)
D /T for
PT
−1 (t)
−1 (t)
2
> +
D ∈ {F, N }, s = θ̄ N − θ̄ F , Σ = t=1 (I (θ N ) + I (θ F ))/(mT ), and ḡ = s Σ s, where
I(θ) is the Fisher information matrix about θ. Recall that I(θ) can be viewed as measuring the speed
with which one can learn θ with high certainty from i.i.d. samples drawn from pz (·; θ).
Proposition 4. Let T − 1 > n ≥ 3 and Σ be positive-definite. Then, as m → ∞,
!
r
√
n−1
n
ḡ √
d
u1 +
u4 ,
ḡ + 2u3 1 +
g(M̃N , M̃F ) = Q(ḡ) :=
T −n
u2
T −n+1

T +1−n
where u1 ∼ F (n, T −n), u2 ∼ χ2 (T −n), u3 ∼ N (F 0, 1), and u4 ∼ F ( n−1
) are mutually
2 ,
2
(T )
(T )
independent. As a result, the feasible set can alternatively be defined as: Ωα = {θ F ∈ Θ : ḡ ≤
Gα }, where P(Q(Gα ) > δ(, n, T )) = α.

Proposition 4 reduces the analysis of the feasible set to the quantity ḡ. The smaller its value, the more
likely regulation is met. The next result illustrates when ḡ is small. Let ||A||2 denote the spectral
norm of matrix A. Let dKL (·||·) be the Kullback-Leibler (KL) divergence.
Corollary 5. Under the same conditions as in Proposition 4,
(i) ḡ is upper bounded by: ḡ ≤ G :=

mT 2 ||s||22
(t)
(t)
−1
−1
t=1 (||I(θ N )||2 +||I(θ F )||2 )

PT

.

(t)
(ii) Suppose the Fisher information matrix is continuous in θ. Then, as θ (t)
→ θ for all
F , θF
t ∈ [T ], |ḡ − mT dKL (pz (·; θ̄ N )||pz (·; θ̄ F ))|, |ḡ − mT dKL (pz (·; θ̄ F )||pz (·; θ̄ N ))| → 0.

Since regulation is met when ḡ ≤ Gα , Corollary 5(i) implies that the platform can ensure that its
filtered feed is feasible by setting G ≤ Gα . For this reason, we call G the design parameter. In
summary, the α-feasible set is the set of filtered feed parameters for which ḡ ≤ Gα . By Corollary 5,
ḡ is small (and therefore regulation is met) when:
(t)
• ||s||22 is small: θ (t)
F is close to θ N on average.
(t)
(t)
• ||I(θ N )||2 and ||I(θ F )||2 are small: The content is varied enough such that the regulator
cannot select H̃ = H1 with high certainty until given a sufficiently many observations. We
will see in the next section that this corresponds to having high content diversity.
• KL divergence between the feeds is small.

These results imply that the regulation requires sufficient distributional overlap between the user’s
natural and filtered feeds. Because the natural feed is the feed that the platform would have shown
under the strict consumer-provider agreement, these results show that the regulation holds the platform
more accountable to the user and gives the user more agency over her feed.
4.2

Content diversity

In this section, we study how the regulation affects content diversity. Although diversity is not one of
the regulation’s explicit objectives, we show in Section 5 that the regulation inadvertently incentivizes
the platform to filter content with sufficiently high diversity. We define content diversity as follows.
Definition 3. The content diversity of the generative model pz (·; θ) is D(θ) = ||I(θ)||−1
2 .
6

This definition can be interpreted in two ways. First, the content diversity of a feed generated by θ
can be viewed as how much content that the regulator must see from that feed in order to distinguish
it from other feeds θ 0 6= θ. Alternatively, it can be viewed as the amount of content the user must see
in order to develop a strong opinion (i.e., to believe in a model θ with high certainty).
Let H(θ 1 , θ 2 ) = −Ep(·;θ1 ) [log p(·; θ 2 )] denote the cross entropy between the generative models
parameterized by θ 1 , θ 2 ∈ Θ. Let the information entropy be denoted by H(θ) = H(θ, θ).
Lemma 6. Let θ 1 , θ 2 ∈ Θ. Then, D(θ 1 ) ≤ 21 (H(θ 1 , θ 2 ) − H(θ 1 ) + O(||θ 1 − θ 2 ||3 )−1 .
In other words, content diversity can be interpreted as a local measure of information entropy. With
PT
slight abuse of notation, let D(θ (1:T ) ) = t=1 D(θ (t) ).
)
Corollary 7. If D(θ (1:T
)≥
F

mT 2 ||s||22
Gα

)
)
)
− D(θ (1:T
), then θ (T
∈ Ω(T
N
F
α .

This result says that meeting regulation can be framed as having sufficiently high content diversity.
In other words, content diversity is a mechanism for meeting regulation. Even so, there is a limit to
)
how much diversity can be increased because changes in θ (1:T
also affect ||s||22 . The platform must
F
(1:T )
balance both increases in diversity D(θ F ) and increases in ||s||22 in order to meet Corollary 7. This
balancing act is one of the main factors that determines the cost of regulation, as examined next.

5

The cost of regulation

In this section, we turn from the regulator’s perspective to the platform’s perspective by discussing
the effect of regulation on the platform’s reward (e.g., profit or performance). We show that:
• The platform can lower the cost of regulation by adding enough content diversity. In other
words, under regulation, the platform is incentivized to add diversity to the filtered feed.
• There are conditions under which the platform can incur little to no cost under regulation.
Intuitively, requiring that the platform respects the user’s expressed preferences (via closeness to the natural feed) and encouraging the platform to explore the user’s interests (via
sufficiently high content diversity) allows the platform to perform well.
5.1

Reward maximization

Recall from Section 2 that the platform’s objective can be formulated as a constrained optimization
problem. As done in Section 4, we turn our attention to θ N and θ F . In accordance, the platform’s
short-term objective at time t is given by:
(t)
θ (t)
F ∈ arg max R(θ, θ N ),

θ∈Ω

(5)

where R : Θ × Θ → R is the platform’s reward function. There may be other information that factors
into the platform’s decision at time t, and we suppress this information into the function R to keep
notation concise. Under this definition, the cost of regulation is defined as follows.
(t)
Definition 4. Under (5), the cost of regulation is: CΩ(t) = maxθ∈Θ R(θ, θ (t)
N ) − maxθ∈Ω R(θ, θ N ).
The cost of regulation is the amount of short-term reward that is lost when the platform follows
)
regulation. Increasing the size of the feasible set Ω(T
α cannot increase the cost of regulation, which
implies that the cost is generally low when the feasible set is large. We are interested in the cost of
regulation because regulations can be difficult to pass and enforce when they impose a high cost.
5.2

Relationship between reward and diversity

In this section, we show that there are mild conditions under which the platform can increase its
reward by increasing content diversity. Put differently, under regulation, the platform is incentivized
to filter feeds with a sufficiently high level of content diversity. We begin with a definition.
Definition 5. Given natural feed θ N , s̄ is a β-local direction of ascent (LDA) at θ F ∈ Θ if R(θ F +
γs̄, θ N ) > R(θ F , θ N ) for all γ ∈ (0, β), ||s̄||22 = 1, and θ F + γs̄ ∈ Θ.
Intuitively, for a given natural feed θ N , starting at the filtered feed θ F and traveling along the LDA
for some interval always brings the platform to a feed that has higher reward. However, there is no
7

guarantee that this new feed is feasible. The next result shows that, if the platform can maintain
feasibility while increasing reward, it does so by adding content diversity.
)
Proposition 8. Consider (5) and natural feed θ (T
at time T . Let θ F 0 be a feasible feed at time T
N
0
with the corresponding design parameter G ≤ Gα . Suppose that there exists a β-LDA s̄ at θ F 0 .
Then, the following statements hold true:
(a) If G0 < Gα , then there exists γ > 0 such that θ F 00 = θ F 0 + γs̄, G00 ≤ Gα , and
)
(T )
0
R(θ F 00 , θ (T
N ) > R(θ F , θ N ).
0
> 0
(b) If G = Gα and s̄ s > 0, then unless there exists γ ∈ (0, β) such that θ F 00 = θ F 0 + γs̄
and D(θ F 00 ) > D(θ F 0 ), the platform cannot increase its reward along the LDA s̄ while
ensuring that new design parameter G00 ≤ Gα .
(c) Suppose G0 = Gα . If there exists γ ∈ (0, β) and θ F 00 = θ F 0 + γs̄ such that D(θ F 00 ) >
)
−1)
D(θ F 0 ) and D(θ F 00 ) > γmT − D(θ (1:T
) − D(θ (1:T
), then G00 ≤ Gα .
N
F
This result says that, given a feasible feed at time T , the platform’s main mechanism for increasing
reward (or lowering the cost of regulation) is adding content diversity. The first result (a) states that,
if the design parameter G0 is below the regulation threshold Gα , then the platform is free to increase
its reward by traveling along the LDA. As long as an LDA exists at this new feed, then the platform
can repeat the process in (a) until the design parameter reaches the regulation threshold Gα , which
brings us to statements (b) and (c). Therefore, we can restrict our attention to the latter two results.
The result in (b) states that, when G0 = Gα , the only way for the platform to increase its reward
along LDA s̄ while meeting regulation is if it can also increase content diversity. The result in (c)
refines (b) by stating explicit conditions under which this higher-reward feed is reachable. Intuitively,
(c) says that it is easier for the platform to reach a higher reward at time T when the natural feeds and
previous filtered feeds have sufficiently high content diversity.
The following corollary shows that it is possible for there to be no cost of regulation.
Corollary 9. Suppose that R is a strictly concave function of ||s||22 such that the reward function can
be written as R(||s||22 ), where s is as defined in Section 4.1. Suppose θ ∗F ∈ arg maxθ∈Θ R(||s||22 )
)
and ||s∗ ||22 = ζ < ∞. If there exists ζ > 0 and s̄ such that θ (T
+ ζs̄ ∈ Θ and:
N
2
mT ζ
)
)
−1)
D(θ (T
+ ζs̄) ≥
− D(θ (1:T
) − D(θ (1:T
),
(6)
N
N
F
Gα
then there is no cost of regulation: CΩ(T ) = 0.
It is natural to ask whether the conditions of Corollary 9 are reasonable. To understand the condition
under which there is no cost of regulation (6), consider the following example.
Example. Suppose that P = {N (µ, σ 2 ) : µ ∈ R, σ 2 ∈ R>0 } represents the family of univariate
Gaussians. For simplicity, suppose that mT 2 /Gα = 1 and that the natural feeds are standard
>
Gaussians: θ (t)
for all t ∈ [T ]. Recall that D(·) ≥ 0. Then, for any choice of filtered feed
N = (0, 1)
2 >
2
θ F = (0, σF ) where σ > 1, D(θ F ) = σF2 ≥ |1 − σF2 |, which implies that (6) must hold true.
This example, though highly simplified, shows that one can find conditions under which the cost
of regulation is low. Intuitively, there are two reasons the platform can achieve high reward under
regulation. First, recall that the natural feed represents the consumer-provider agreement and, as a
result, reflects user-centric performance metrics. Therefore, in order to accrue high reward for the
given user, the platform’s optimal feed should not be too far from the natural feed, which is consistent
with the regulation. Second, the regulation allows the platform to deviate from the natural feed given
enough content diversity. Using the understanding that showing the user a piece of content is akin to
implicitly querying the user for her interest in that type of content by observing how she interacts
with it, content diversity can be viewed as a mechanism for exploration: a way for the platform to
learn the user’s interests as they evolve in time. We illustrate this intuition in Appendix C.
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Conclusion

In conclusion, we demonstrate that a regulatory framework for AF can be low-cost without removing
content. Our results suggest that regulating with respect to an implicit (social) contract serves as a
good starting point because it balances the interests of several stakeholders while acknowledging the
responsibility that each member of the system has to the other. Several works have already begun to
study and understand the implicit contracts between users and digital platforms [47, 43, 37].
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Statement of original work
This work has not been published and is original work.

Broader impact
The aim of this work is to study the effects of algorithmic content filtering by social media platforms.
In light of both the problems and benefits of social media, this work seeks to make two contributions
that may have broader impact. Our first contribution is to propose a framework for regulating
algorithmic filtering (AF) based on an implicit contract between the user and the platform. Because
regulations have unanticipated effects on the system stakeholders, our second contribution is the
study of this regulation on the user’s content and the social media platform.
Our hope is that this work can contribute to ongoing conversations on social media platforms and
provide a potential regulatory (or self-regulatory framework) for AF. We hope that, by showing that
regulatory measures are not necessarily in conflict with the platform’s performative objectives, the
undesirable externalities caused by AF can be mitigated while preserving the benefits offered by
social media. In this same spirit, we also discuss the implications of the proposed regulation on other
concerns in social media, such as the preservation of free speech, the health of public discourse, and
the amplification of filter bubbles.
Although a regulatory procedure is part of our proposal, our main contributions are theoretical:
to establish the existence of a regulation that preserves the benefits of social media for multiple
stakeholders. As such, we envision that others will be able to refine and improve upon our regulatory
proposal, and we are open to further discussions on the ethical implications of our work.
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Appendix
A

Consumer-provider agreement

In this section, we make some concluding remarks about the con-sumer-provider agreement.
Implicit contract theory. As explained in Section 1, the consumer-provider agreement captures the
notion that, when two parties enter into a voluntary exchange of goods or services, there is an implicit
contract between them. Historically, implicit contract theory has been used in economics to explain
behaviors that cannot be predicted by competitive market theory and that typically reflect unspoken
social norms.
When one party fails to uphold its end of the agreement, then the exchange of goods and services
may cease. Because this outcome is generally undesirable for both parties, upholding the implicit
contract can improve a firm’s robustness. For example, although a firm may wish to choose policies
(e.g., filter content) based on an optimization analysis, the firm’s choices may be more robust when
it also heeds unwritten social rules. This arises from the fact that an optimization problem cannot
account for all possible factors in the system, and many of the unknown or unquantifiable factors are
instead captured in social norms.
Consumer-provider agreement. In our setting, the social media platform provides the user with
access to social connections, recommendations, news, and other information goods in exchange for
the user’s membership and data. This exchange gives rise to an implicit contract that we call the
consumer-provider agreement.
The user upholds her end of the agreement simply by using the platform, but there is no appraisal
for whether the platform upholds its end. The role of regulation would be to perform this appraisal.
Although the user could leave the exchange, leaving often places a greater burden on the user than
the platform. Especially in the absence of competition, leaving could mean giving up one’s social
connections. In this way, the purpose of regulation would be to correct this power imbalance by
holding the platform more accountable to users according to the consumer-provider agreement.
Discussion of results. In this work, we translate the consumer-provider agreement to the social
media setting using the natural feed. As shown in Section 3, the regulation requires that the platform’s
filtered feeds cannot be determined not to be natural with high certainty. In other words, that the
filtered feed is indistinguishable from a natural feed with some confidence. In this way, the regulation
holds the platform more accountable to the user because the content it filters must respect its implicit
contract with the user.
However, we also showed in Section 5 that regulating with respect to the consumer-provider agreement
is not too restrictive. In particular, there are conditions under which the cost of regulation is low,
and there may even be long-term benefits to filtering close to the natural feed (as required under
regulation).
One may wonder if the indistinguishability property required by regulation is too weak since the
platform has enough freedom to achieve high reward. To understand why this property may be
appropriate, we studied how the filtered content would affect the user’s decision-making behavior. In
short, the power of AF derives from the fact that it shapes the information that a user uses to make
decisions. In accordance with this observation, we showed in Section 3.2 that the indistinguishability
requirement implies that the user’s decisions under the filtered feed are close to the decisions she
would have made under the natural feed, no matter what heuristic the user uses to make decisions.
Finally, although content diversity is not an explicit objective of the regulation, we showed in
Sections 4.2 and 5.2 that it incentivizes the platform to add content diversity to the user’s feed. This
side effect of the regulation implies that the platform is disincentivized from creating filter bubbles.
Another benefit of content diversity is that it can achieve the same benefits as removing content (e.g.,
instead of removing articles that may contain misinformation on topic X, increasing content diversity
would dilute misinformation by providing a more well-rounded representation of topic X), but it does
not raise issues of restricting free speech.
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Verdict. In conclusion, the consumer-provider agreement may be a good starting point for regulation
because it balances the interests of the system stakeholders while acknowledging the responsibility
that each parties has to the other. Several works have already begun to provide insights into implicit
contracts between users and digital platforms [47, 43, 37].
We do not specify the terms of the consumer-provider agreement in this work. The terms of the
consumer-provider agreement are context-specific in that they depend on the regulatory system,
jurisprudence, and norms of the society in which the regulation would be deployed. The agreement
also depends on the social media service under consideration, as the interactions (e.g., clicks or
swipes) between users and platforms vary across social media.
For these reasons, it is out of the scope of this work to define the terms of the consumer-provider
agreement, but we feel that it is an important and open problem for future study.
Another direction of future work would be to expand on the intuition in Section C. In particular,
it may be possible to show that increasing accountability improves the user’s trust in the platform,
which ultimately leads to better performance for the platform. Such a result would show that the
performative and regulatory interests can be (partially) aligned.

B

Related work

Social media platforms are largely self-regulated [54]. However, in recent years, social media
platforms have come under increasing scrutiny, prompting a call for regulations. Current efforts to
regulate content moderation generally focus on specific issues, such as whether content is inappropriate (e.g., hate speech [7, 20]); discriminatory (e.g., race-based advertising [3, 50, 51, 35]); divisive
(e.g., rankings that favors polarizing comments [49]); insulating (e.g., filter bubbles [27]), or false
(e.g., fake news [41, 17, 19]).
These works typically adopt one of the following strategies: increasing content diversity (e.g.,
add heterogeneity to recommendations [14, 32]); drawing a global line (e.g., determining whether
discrimination has occurred based on a threshold [18]); or focusing on the origin of the content (e.g.,
reducing fake news by whitelisting news sources [8]). There are legal and social barriers to many
of these approaches [36, 15, 8, 45], including concerns that regulations might damage free speech
or public discourse; violate personal rights or privacy; transfer agency away from users to big tech
or government; draw highly subjective lines between acceptable and unacceptable behavior; or set
precedents that are difficult to reverse. Moreover, there are concerns that regulations may lead to
worse personalization and lower profits, which hurts both the user and platform [24].
We depart from the literature by studying a question at the heart of this debate: whether it is possible
to regulate in a way that preserves the benefits of the social media ecosystem by allowing platforms
to remain profitable while holding them accountable to users. In this way, our work does not focus on
specific issues (e.g., hate speech or fake news), and our main contributions are mathematical rather
than empirical.
Our focus on the consumer-provider agreement draws from implicit contract theory [4, 46], which is
used by economists to explain behaviors that are observed but not justified by competitive market
theory. The notion of an implicit contract between users and digital platforms is not new [47]. It has
been used to explain why users stay on social media despite data privacy infractions [43, 37]. It has
also been proposed as a starting point for regulation [29] because it balances the interests of both
parties.
In our analysis, the social media platform is interested in how to filter a feed in order to maximize
its reward (i.e., performance metric) subject to regulation. Our formulation can be viewed as an
instance of robust optimization [9, 53], where our definition of the cost of regulation mirrors the
“price” of robustness studied in other such works [11, 10]. Here, our study of the trade-off (or lack
thereof) between regulation and reward bears resemblance to the study of optimization under fairness
[10, 25, 34] and privacy [16, 33] constraints. It is worth a remark that our analysis has parallels with
the field of differential privacy [22, 23] in that it compares distributions under different interventions
[52]. In addition, similarly to social learning [21, 6, 1, 44], we study how information exchange—via
content filtering—affects long-term outcomes, including what the user learns and how the platform
performs.
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C

Long-term reward maximization

In this section, we follow up on the discussion in Section 5 to show that there can be benefits to
following regulation in the long term.
Observation 1: Recall that the natural feed represents the con-sumer-provider agreement. Suppose
that one of the terms of the agreement is that the platform provide personalized content based on the
user’s interests. Then, some portion of the content on the natural feed reflects the user’s expressed
preferences. which depend on the user’s true preferences as well as whether the user has been given
the opportunity to express those preferences.
Observation 2: Recall that the filtered feed is the feed that is shown to the user. One key observation
is that showing a user a type of content is an implicit query of the user’s interest in that content.
Therefore, the ability of the user to express her preferences at time t depends on the content that is
filtered at t. If the user is never shown a certain type of content, then the user’s interest in that content
remains unqueried and unknown.
Definition 6 (Oracle feed). Suppose that, if the platform were omniscient, it would filter the oracle
feed
θ (t)
R = arg maxθ∈Θ OracleRew(θ),
where OracleRew : Θ → R is an oracle, and OracleRew(θ) is the actual reward that the platform
would receive from filtered feed θ.
The oracle feed is distinct from the optimal (unregulated) feed. The former is the ideal feed that is
obtained under omniscience. The latter is computed based on R, which is a performance metric used
by the platform.
Let pR,t = pz (·; θ (t)
R ) and similarly for pN,t and pF,t . Then, using the observations above, we adopt
the following model:
 1
pN,t ∝ paR,t−1 · pbF,t−1 a+b ,
(7)
where a, b ∈ R≥0 . In words, the user’s natural feed (i.e., her expressed preferences) at time t is a
function of the oracle feed (i.e., the content that would receive highest reward for the given user) and
the previous filtered feed (i.e., the content that the user engaged with at the last time step).
We are interested in whether the platform can learn the user’s true preferences and the optimal feed
pR,t in the long term, as characterized in the following result.
Proposition 10. Suppose pR,t = pR and |Z| < ∞. Then, there exist a sequence of feasible filtered
feeds such that pF,t →pR as t → ∞. The higher the value a, the more quickly pF,t converges to pR .
This result demonstrates that the long-term cost of regulation can be low. Intuitively, although the
regulation places a cap on the platform’s short-term reward, as long as the platform remains close to
the natural feed, its long-term reward is high.
The model (7) on which this result is based assumes that the user’s expressed preferences have some
relation to the oracle feed, and the strength of this relation is captured by a. This is a strong condition
and may not hold true in practice.
However, we posit that, if the platform respects the consumer-provider agreement by following
regulation, the user’s trust in the platform will increase, which would encourage them to truthfully
report their preferences (e.g., interest in different types of content) to the platform. As a result, a
would increase. Put differently, with better information, the platform could get closer to the oracle
feed.
Remark. One of the observations of this section is that showing the user a piece of content is an
implicit query of the user’s interest in that content. Therefore, increasing content diversity, as studied
in Sections 4.2 and 5.2, is a way for the platform to learn the user’s preferences. In other words, it is
a mechanism for exploration.
Exploration is a key concept in decision theory and machine learning. It captures the idea that, in
online settings, an agent cannot simply maximize reward. He must occasionally sacrifice short-term
reward in order to gain information about his environment.
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In our setting, the platform must occasionally sacrifice reward in order to learn the user’s preferences.
Since the user’s true preferences are changing and not fully observable, the platform must continually
explore. Our proposed regulation naturally encourages content diversity (see Section 5.2) and
therefore exploration.
This notion of diversity for exploration is not new. It is the same reason why some reinforcement
learning algorithms use maximum entropy (MaxEnt) regularizers [31].

D
D.1

Proofs for Section 3
Preliminaries

Consider a specific user and platform (this statement holds for the remainder of the work, unless
(t)
m
otherwise indicated). Let the feed at time step t be given by Z (t) = {z(t)
1 , . . . , zm } ∈ Z , where
(t)
`
zi ∈ Z ⊂ R is a feature vector describing the i-th piece of content. Let P = {pz (·; θ) : θ ∈ Θ}
for Θ ∈ R be the model family containing the possible feeds. We refrain from specifying Θ in order
to provide results that are fairly general. When implementing the regulation, the choice of Θ should
become relatively clear.
For example, suppose that the platform characterizes its content by topic and sentiment, and the
platform’s filtering scheme depends on what topics and what corresponding sentiments it believes
should be placed on the user’s feed. Specifically, let zi = (xi , yi ), where xi is a feature vector
describing the topic of the i-th piece of content and yi is the sentiment portrayed by that piece of
content on topic xi . When a user interacts with content, she implicitly learns a model based on the
content. Likewise, then the platform algorithmically filters content, it implicitly models the feed as
P`−1
a distribution over content. Suppose, purely for this example, that: yi = j=1 θj xj + θ` v, where
i.i.d.

v ∼ N (0, 1). As mentioned above, there are two ways to interpret this model. One way to interpret
it is: the user implicitly learns an approximately linear model between topics and sentiments from her
feed, and her internal model is affected by additive Gaussian noise. A second interpretation is: the
feed itself can be approximately represented by a set of topics, sentiments that are linear functions of
those topics, and zero-mean additive Gaussian noise. As such, θ specifies the linear function and
scale of the additive noise. We make two comments. First, while this example may seem limiting, Θ
could be much more sophisticated than the set of possible linear functions affected by Gaussian noise.
Second, one may wonder whether such numeric features xi and yi exist. The answer is yes. Indeed,
if the features did not exist, then there would be no algorithmic filtering to be regulated.
Recall the definitions:
s̃(t) = θ̃(ZN(t) ) − θ̃(ZF(t) )
m̃D =

T
X
1
θ̃(ZD(t) ) ∀D ∈ {F, N }
T
t=1

T
X
1 (t)
θ̄ D =
θD
T
t=1

∀D ∈ {F, N }

m̃ =

T
X
1 (t)
s̃ = m̃N − m̃F
T
t=1

W =

T
1 X (t)
(s̃ − m̃)(s̃(t) − m̃)>
T t=1

s=

Σ=

T
1 X (t)
(θ − θ F(t) ) = θ̄ N − θ̄ F
T t=1 N
T

1 X −1 (t) 
I
θ N + I −1 θ (t)
.
F
2
mT t=1
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Further, recall that the Fisher information matrix I(θ) ∈ Rn×n is a positive semi-definite matrix,
where the (i, j)-th entry is given by:


∂
∂
[I(θ)]ij = Ez∼p(·;θ)
log p(z; θ)
log p(z; θ)
∂θi
∂θj
We assume that the following regularity conditions on P hold:
1. Θ is an open set of Rn .
i.i.d.

2. Identifiability: z ∼ pz (·; θ) for θ ∈ Θ and θ 1 6= θ 2 implies pz (·; θ 1 ) and pz (·; θ 2 ) are
distinct.
3. Common support: The support of p(·; θ) is independent of θ ∈ Θ.
4. Differentiability: All the second-order partial deriviates of log p(z; θ) with respect to θ exist
and are continuous in θ.
5. For any θ 0 ∈ Θ, there exists a neighborhood of θ 0 and a function Π(z), where
Ez∼p(·;θ0 ) [Π(z)] < ∞ and
∂2
log p(z; θ) ≤ Π(z),
∂θi ∂θj
for all z ∈ Z, all θ in the neighborhood of θ 0 , and i, j ∈ [n].
6. If θ ∗ is the data generating process:
log p(z; θ ∗ ) is square integrable for all i ∈ [n].
h
i
∗
∂
(b) Ez∼p(·;θ∗ ) ∂θ
log
p(z;
θ
)
=0
i
(a)

∂
∂θi

(c) The Fisher information at θ ∗ satisfies:


∂
∂
[I(θ )]ij = Ez∼p(·;θ∗ )
log p(z; θ ∗ )
log p(z; θ ∗ )
∂θi
∂θj

 2
∂
∗
log p(z; θ )
= −Ez∼p(·;θ∗ )
∂θi θj
∗



(d) Invertibility: Fisher information I(θ ∗ ) at θ ∗ is positive-definite and invertible.
There are variations on these regularity conditions, and we refer the reader to other works for further
details [5, 39, 42]. These regularity conditions are required for our results that use the asymptotic
normality of the maximum likelihood estimator (MLE). Formally, suppose the data generating
distribution is p(·; θ) for θ ∈ Θ and recall that θ̃ : Z m → Θ denotes the MLE. Then, under the
regularity conditions above, the MLE is asymptotically normal:

√ 
d
m θ̃(Z) − θ → N (0n , I −1 (θ)),
(8)
as m → ∞, where I −1 (θ) denotes the inverse of the Fisher information at θ.
In this work, we adopt the shorthand notation. Suppose that Y = y1 , . . . , yw are drawn i.i.d. from
some generating distribution. We say that:
d

h(Y ) ≈ N (h∗ , S/w) as m → ∞,

(9)

if
√
D.2

d

w (h(Y ) − h∗ ) → N (0, S) as m → ∞.

Proposition 1

Proof. Consider Algorithm 1 and (2) and recall the notation in Appendix D.1. Under the regularity
conditions given in Appendix D.1, recall from (8) that the MLE is asymptotically normal. Adopting
our notation (9),


d
1
θ̃(Z (t) ) ≈ N θ (t) , I −1 (θ (t) ) ,
(10)
m
17

as m → ∞. Recall that ZN(t) and ZF(t) are independent for all t ∈ [T ]. Then, as m → ∞,


−1 (t)
d
(θ N ) + I −1 (θ (t)
(t) I
F )
,
s̃(t) ≈ N θ (t)
−
θ
,
N
F
m
d

and, therefore, m̃ ≈ N (s, Σ) as m → ∞. If H = H0 , then:
d

m̃ ≈ N

!
T
2 X −1 (t) 
0,
I
θN
,
mT 2 t=1

as m → ∞.
Then, under the assumption H = H0 and as m → ∞, the statistic m̃> W −1 m̃ · (T − n)/n follows
an F -distribution with parameters n and T − n. Then, by definition, the test in line 7 is a level- test
(i.e., a test for which the false positive rate P(H̃ = H1 |H = H0 ) is ) for (2) as m → ∞.
Lastly, recall that generalized likelihood ratio test (GLRT) is the likelihood ratio test for which the
unknown parameters are estimated using the MLE and notice that Algorithm 1 therefore implements
(t)
the GLRT for (2) under the assumption that (θ (t)
N − θ F ) are i.i.d. in time t. Then, by the well-known
result [40, 28] that the GLRT converges to the uniformly most powerful invariant (UMPI), we have that
for any invariant test Ĥ for (2) with level at most , P(H̃ = H1 |H = H1 ) ≥ P(Ĥ = H1 |H = H1 )
at m, T → ∞, which concludes the proof.
D.3

Proposition 2

Proof. Consider Algorithm 1 and (4). Recall from the proof of Proposition 1 that Algorithm 1 is
equivalent to performing the GLRT and UMPI level- test as m, T → ∞. By definition of the level-
test, P(H̃ = H1 |H = H0 ) →  as m, T → ∞.
By the result in Proposition 1, Algorithm 1’s decision rule H̃ satisfies P(H̃ = H1 |H = H1 ) ≥
P(Ĥ = H1 |H = H1 ) for all invariant level- tests Ĥ for (2) as m, T → ∞. It follows that,
asymptotically, the level- test H̃ satisfies: P(H̃ = H1 ) ≥ P(Ĥ = H1 ) among all invariant level-
tests Ĥ.
Then, for any estimator θ̂ : Z m → Θ and as m, T → ∞, the regulation’s decision H̃ = H0 implies
that:
As stated in Proposition 2, let f (θ) = v0 (θ)−v1 (θ), where ∃L ∈ R≥0 such that |f (M1 )−f (M2 )| ≤
Lg(M1 , M2 ) for all M1 , M2 ∈ ΘT . Recall from (1) that:
H̃ = H0 ⇐⇒ g(M̃N , M̃F ) ≤ δ(, n, T ).

(11)

Combining these results and the fact that probabilities are upper bounded by 1, we have that: as
m, T → ∞, if H̃ = H0 , then:


P g(M̂N , M̂F ) ≤ g(M̃N , M̃F ) → 1


=⇒ P g(M̂N , M̂F ) ≤ δ(, n, T ) → 1


=⇒ P |f (M̂F ) − f (M̂N )| ≤ Lδ(, n, T ) → 1,
(12)
where the first line follows from H̃ being the UMPI level- test, the second line follows from (11),
and the last line follows by assumption. The last line is equivalent to the result statement, which
concludes the proof.
D.4

Corollary 3

Proof. Recall the setting in Proposition 2. If |f (M̂F ) − f (M̂N )| ≤ Lδ(, n, T ) and |f (M̂N )| >
Lδ(, n, T ), then f (M̂F ) must have the same sign as f (M̂N ). This fact together with the last line
)
)
(12) of the proof of Proposition 2 implies that P(Â(T
= Â(T
N
F ) → 1 as m, T → ∞.
18

E
E.1

Proofs for Section 4
Proposition 4

Proof. m̃> W −1 m̃ can be decomposed as follows:
m̃> W −1 m̃ = (m̃ − s)> W −1 (m̃ − s) − s> W −1 s + 2m̃> W −1 s
= (m̃ − s)> W −1 (m̃ − s) + (2m̃ − s)> W −1 s.

(13)

Recall from the Proof of Proposition 1 that


d
1 −1 (t)
(t)
(t)
θ̃(Z ) ≈ N θ , I (θ )
m


−1 (t)
d
(θ N ) + I −1 (θ (t)
(t)
(t) I
F )
(t)
s̃ ≈ N θ N − θ F ,
m
d

m̃ ≈ N (s, Σ)
as m → ∞.
Recalling the definitions from Appendix D.1, these asymptotic normality results imply that W
follows a Wishart distribution and 2m̃ − s follows a normal distribution as m → ∞. In addition,
relative to the hypothesis test in (2), the first term in (13) is an ancillary statistic that follows a scaled
F -distribution. Therefore, as m → ∞,
n
d
−1
m̃> W + m̃ =
u1 + u>
(14)
6 U5 s,
T −n
where u1 ∼ F (n, T − n), U5 ∼ W(Σ, T − 1, n), and u6 ∼ N (s, Σ).
Since T − 1 > n ≥ 3 and Σ is positive-definite, we can directly apply Corollary 1 from Bodnar and
Okhrin [13] (who examined similar hypothesis testing problems) to obtain:
!
√
r
s> Σ+ s √ > +
n−1
> −1 d
s Σ s + 2u3 1 +
u4 ,
(15)
u6 U5 s =
u2
T −n+1
T +1−n
where u2 ∼ χ2 (T − n), u3 ∼ N (0, 1), and u4 ∼ F ( n−1
) are mutually independent.
2 ,
2
> +
Substituting (15) into (14) and recalling the definition ḡ = s Σ s gives the final result.

E.2

Corollary 5

Proof. To prove (i), recall that the spectral norm of a symmetric matrix is the absolute value of its
largest eigenvalue and that covariance matrices are positive semi-definite (i.e., have non-negative
eigenvalues). Let λi (A) be the i-th largest eigenvalue of A. Then,
ḡ = s> Σ+ s
≤ ||s||22 λ1 (Σ+ )
=

||s||22
λn (Σ)

=
λn



λn

P

||s||22
1
mT 2

PT

t=1


(t)
I −1 (θ N
) + I −1 (θ F(t) )

mT 2 ||s||22

=

≤ PT

T
t=1

t=1 (λn (I

(t)
I −1 (θ N
) + I −1 (θ (t)
F )



mT 2 ||s||22
−1 (θ (t) ))
N

which gives the first result.
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+ λn (I −1 (θ (t)
F )))

,

For the second result, let the entries of the Fisher information matrix be continuous in θ. Then,
−1 (t)
−1
as θ F(t) , θ (t)
(θ F ), I −1 (θ (t)
(θ), which implies that
N → θ for all t ∈ [T ], we have that I
N ) → I
2
mT
−1
−1
Σ → mT I (θ) and Σ → 2 I(θ).
Next, we use the result that:
dKL (θ||θ + ∆θ) =

1 X
[I(θ)]ij ∆θ i ∆θ j + O(|∆θ|3 )
2
i,j∈[n]

(see (1.24) and (3.68) of Amari [2]), which is equivalent to:
dKL (θ||θ + ∆θ) =

1
∆θ > I(θ)∆θ + O(|∆θ|3 )
2

Therefore,
dKL (θ̄ N ||θ̄ F ) = dKL (θ̄ N ||θ̄ N − s)
1
= s> I(θ N )s + O(||s||3 )
2
Combining these results and re-arranging, we get that:
dKL (θ̄ N ||θ̄ F ) −

1 > −1
s Σ s → 0,
mT

as ||s||3 → 0, which, from the definition ḡ = s> Σ−1 s, implies:
mT dKL (θ̄ N ||θ̄ F ) − ḡ → 0,
(t)
as ||s||3 → 0 or, equivalently, θ (t)
F , θ N → θ for all t ∈ [T ]. The last line follows from the observation
that the ordering of θ F and θ N can be switched without affecting the KL divergence result.

E.3

Lemma 6

Proof. Let v be the principal eigenvector of I(θ) such that ||v||22 = 1. Then, by the same reasoning
in the proof of Corollary 5 (see Amari [2] for reference),
||I(θ 1 )||2 = v> I(θ 1 )v
≥ s> I(θ 1 )s
= 2dKL (θ 1 ||θ 2 ) + O(||θ 1 − θ 2 ||3 )
= 2(H(θ 1 , θ 2 ) − H(θ 1 )) + O(||θ 1 − θ 2 ||3 ),
which gives the result.
E.4

Corollary 7

)
)
Proof. Since θ (T
∈ Ω(T
F
α when ḡ ≤ Gα , the result follows by upper bounding the right-hand side of
the expression in Corollary 5(i). by Gα .

F
F.1

Proofs for Section 5
Proposition 8

)
Proof. Let s̄ be as defined in Proposition statement. Let θ (1:T
be the natural feeds until time step T .
N
(1:T −1)
Let θ F
be the filtered feeds up until time step T − 1. Note that, when the platform is performing
the optimization at time step T in (5), these feeds cannot be changed. Let:
!
T
−1
X
1
(T )
(T )
(t)
(t)
0
s =
θN − θF 0 +
(θ N − θ F ) ,
(16)
T
t=1
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Then (a) follows immediately from the definition of a β-LDA. By assumption,
G0 =

mT 2 ||s0 ||22
< Gα .
)
D(θ
) + D(θ (1:T
)
N
(1:T )
F0

)
)
)
)
(T −1)
Let θ (T
= θ (T
+ γs̄ and θ (1:T
= (θ (1)
, θ (T
). Since ||s0 + γs̄/T ||22 ≤ ||s0 ||22 + γ/T and
F , . . . , θF
F 00
F0
F 00
F 00
D(·) < ∞ (recall that the Fisher information matrix is positive-definite by the regularity conditions),
there exists choice of γ > 0 that is small enough such that:

G00 =

mT 2 ||s0 + γs̄/T ||22
≤ Gα .
)
)
D(θ (1:T
) + D(θ (1:T
)
N
F 00

)
)
Therefore, θ (T
is a feasible feed at time T and, by definition of an LDA, R(θ F 00 , θ (T
N ) >
F 00
(T )
R(θ F 0 , θ N ).

The result in (b) follows from a similar logic. By assumption,
G0 =

mT 2 ||s0 ||22
= Gα .
)
D(θ
) + D(θ (1:T
)
N
(1:T )
F0

Since s̄> s0 > 0, ||s0 + γs̄/T ||22 > ||s0 /T ||22 for any γ > 0. Therefore, the only way that:
G00 =
=

mT 2 ||s0 + γs̄/T ||22
)
)
D(θ (1:T
) + D(θ (1:T
)
N
F 00
D(θ

(T )
F 00

mT 2 ||s0 + γs̄/T ||22
)
−1)
)
) + D(θ (1:T
T ) + D(θ (1:T
N
F

satisfies G00 ≤ Gα is if D(θ F 00 ) > D(θ F 0 ). In this way, D(θ F 00 ) > D(θ F 0 ) can be interpreted as a
necessary but not sufficient condition for G00 ≤ Gα .
The result in (c) refines the argument in (b). By assumption,
G0 =

mT 2 ||s0 ||22
= Gα ,
)
D(θ
) + D(θ (1:T
)
N
(1:T )
F0

)
)
and D̄γ := D(θ (T
) − D(θ (T
) > 0. Using these facts:
F 00
F0

G00 =

mT 2 ||s0 + γs̄/T ||22
)
) + D(θ (1:T
) + D̄γ
D(θ
F0

≤

mT 2 (||s0 ||22 + γ/T )
)
)
D(θ (1:T
) + D(θ (1:T
) + D̄γ
N
F0

(1:T )
N

mT 2 ||s0 ||22
mT γ
+
(1:T )
)
(1:T )
(1:T )
D(θ N ) + D(θ F 0 ) D(θ N ) + D(θ (1:T
) + D̄γ
F0
mT γ
= Gα +
.
)
)
D(θ (1:T
) + D(θ (1:T
) + D̄γ
N
F0

<

Because the second inequality is strict, as long as:
D(θ

mT γ
< 1,
)
) + D(θ (1:T
)
F

(1:T )
N

then it is possible to choose γ > 0 close enough to zero such that G00 ≤ Gα . We note that re-arranging
this inequality yields the condition in statement (c), which concludes the proof.
F.2

Corollary 9

)
)
Proof. The filtered feed θ (T
= θ (T
+ ζs̄ ∈ Θ maximizes reward because R is strictly concave in
F
N
)
2
||s||2 and achieves maximum reward at ||s||22 = ζ. Therefore, the cost of regulation is 0 if θ (T
is also
F
feasible, which is true by Corollary 7.
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F.3

Proposition 10

Proof. Suppose pR,t = pR . Let c, d ∈ R and |Z| < ∞. Let pU = Unif(Z). We prove this result by
construction. Let
 1
pF,t ∝ pcN,t · pdU c+d .
Then,
t

bc
td
ac
 (a+b)(c+d)
( (a+b)(c+d)
)
pF,t ∝ pF,0
· pUc+d · Πt−1
τ =1 pR,τ

As long as:
ac
d
>
(a + b)(c + d)
c+d
db
a>
,
c−d

(17)

and pF,0 (z) > 0∀z ∈ Z, then as t → ∞,
pF,t →pR ,

(18)

which is the desired result. It remains to show that the requirement (17) can be achieved under
regulation.
It should be clear that d reflects a measure of the “distance” between the natural and filtered feeds.
Indeed, as d → 0, pF,t → pN,t , which is always feasible. As such, for a choice of d that is small
enough, pF,t meets regulation. Therefore, there always exists a d close enough to 0 such that it
satisfies regulation and (17).
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